A quantum field theory has finite zero-point energy if the sum over all boson modes b of the nth power of the boson mass m n b equals the sum over all fermion modes f of the nth power of the fermion mass m n f for n = 0, 2, and 4. The zeropoint energy of a theory that satisfies these three conditions with otherwise random masses is huge compared to the density of dark energy. But if in addition to satisfying these conditions, the sum of m 4 b log m b /µ over all boson modes b equals the sum of m 4 f log m f /µ over all fermion modes f , then the zero-point energy of the theory is zero. The value of the mass parameter µ is irrelevant in view of the third condition (n = 4). The particles of the standard model do not remotely obey any of these four conditions. But an inclusive theory that describes the particles of the standard model, the particles of dark matter, and all particles that have not yet been detected might satisfy all four conditions if pseudomasses are associated with the mean values in the vacuum of the divergences of the interactions of the inclusive model. Dark energy then would be the finite potential energy of the inclusive theory. I. INTRODUCTION The vacuum energy of a generic, noninteracting, exactly soluble quantum field theory is quartically divergent. But theories in which the sum of m n b over all boson modes b equals the sum of m n f over all fermion modes f for n = 0 and n = 2 b m n b = f m n f for n = 0, 2
II. ZERO-POINT ENERGIES THAT CANCEL
The zero-point energy density of a bosonic mode of mass m is the K → ∞ limit of the
The zero-point energy density of a fermion mode is the same integral apart from an overall minus sign. Zero-point energies cancel between bosons and fermions of the same mass.
Let us consider a theory that obeys the three conditions (3):
1. The number of boson modes is the same as the number of fermion modes 
Rewriting the logarithm of the integral (5), we have
The expansion of this integral in powers of m/K is
in which µ is an arbitrary energy, and the dots indicate terms proportional to positive powers of m/K which vanish as K → ∞. The quartically divergent term K 4 /16π 2 cancels in theories that satisfy the first condition, that the number of boson modes is equal to the number of fermion modes. The quadratically divergent term m 2 K 2 /16π 2 cancels in theories that obey the second condition, that the sum of the squared masses of the bosons is the same as the sum of the squared masses of the fermions. The logarithmically divergent term −(m 4 /32π 2 ) log(K/µ) cancels when the sum of the fourth power of the masses of the bosons is the same as that of the fermions. The zero-point energy density ρ 0 of a theory that obeys the three conditions (6, 7, and 8) is [6] 
which is independent of the arbitrary energy scale 2µ because of condition 3. But if the masses of a theory obey not only the three conditions (6, 7, and 8) but also the fourth
then the zero-point energy density of the theory vanishes, ρ 0 = 0.
III. NUMERICAL EXAMPLES
A single Majorana fermion of mass m has two modes, spin up and spin down. The first condition (6) requires two spin-zero bosons. The second and third conditions (7 and 8) then are 2m 2 = µ 2 1 + µ 2 2 and 2m 4 = µ 4 1 + µ 4 2 . The only solution is µ 1 = µ 2 = m. The zero-point energy density (11) of this theory vanishes, ρ 0 = 0.
A more interesting case is that of two Majorana fermions, one of mass m 1 and the one of mass m 2 . Canceling the K 4 divergence of the integral (10) requires four bosonic modes, for instance, four spinless bosons of masses µ 1 , µ 2 , µ 3 , and µ 4 . One may cancel the remaining divergences of the integral (10) by imposing the second and third conditions (7 and 8):
One sets
Both must be positive, α ≥ 0 and β ≥ 0, because masses µ 3 and µ 4 are real. We can satisfy version (13) of the second condition (7) by setting µ 2 4 = α − µ 2 3 , which must be positive,
Its solutions are
The equation µ 2 4 = α − µ 2 3 which implements the second condition (7) then says that
So if α ≥ 0, β ≥ 0, and β ≤ α 2 ≤ 2β, then µ 2 3 and µ 2 4 are positive, and the zero-point energy density (11) of the theory is The density 10 −4 GeV 4 is greater than the density of dark energy ρ de = (2.25 × 10 −3 eV) 4 by 3.9 × 10 42 ; the density 10 −8 GeV 4 is greater than ρ de by 3.9 × 10 38 .
The algebra of the second example also applies to a theory with 2n Majorana fermions (or n Dirac fermions) and 4n scalar bosons. Let s 2 and s 4 be the sums of the second and fourth powers of the fermion masses
in which the factor of 2 counts the two spin states of the Majorana fermions. Let σ 2 and σ 4 be the sums of all but two of the second and fourth powers of the boson masses 
Like (17) and (18), the solutions are
and µ 2 4n−1 and µ 2 4n will be positive if β < α 2 < 2β. Figure ( energy. The minimum energy density was 8.9 × 10 6 GeV 4 .
IV. VACUUM ENERGY
The interactions of a typical quantum field theory cause the vacuum energy density to diverge logarithmically or quadratically but not quartically. In a theory whose interactions result in a quadratically divergent vacuum energy density ±E 2 quad K 2 (as K → ∞), one may use the relation m 2 quad K 2 /(16π 2 ) = E 2 quad K 2 to associate a quadratic pseudomass m quad = 4πE quad with a fictitious boson if the vacuum energy is positive or with a fictitious fermion if the vacuum energy is negative. One then would generalize the second condition (7) to
If the interactions of a theory result in a vacuum energy density ± E 4 log log(K/µ) that is logarithmically divergent, then one may use the relation m 4 log log(K/µ)/(32π 2 ) = E 4 log log(K/µ) to associate a logarithmic pseudomass m log = 2 π √ 2 E log with a fictitious boson if the vacuum energy is negative or with a fictitious fermion if the vacuum energy is positive. One then would generalize the third condition (8) to
A theory that has the same number of boson modes as fermion modes with masses that obey the fourth condition (12) and that has masses and pseudomasses that obey conditions (24 and 25) has a vacuum energy density that is finite and that is entirely due to the interactions of the theory. have as many boson modes as fermion modes so that the quartic divergences cancel. The inclusive theory should also obey the second condition (7) when an appropriate pseudomass term representing a possible quadratic divergence of the vacuum energy due to the interactions is included. The quadratic divergence of the vacuum energy would then vanish. The inclusive theory also should obey the third condition (8) when an appropriate pseudomass term representing the logarithmic divergence of the vacuum energy due to the interactions is included. The vacuum energy density of the inclusive theory then would be finite but much greater than the density of dark energy ρ de unless the masses of the missing modes satisfy something like the fourth condition (12). If the inclusive theory did obey the fourth condition (12) as well as the first three conditions (6, 7, and 8) then the vacuum energy of the inclusive theory would vanish. Dark energy then would be the finite potential energy of the interactions of the inclusive theory. The particles of dark matter would be among those particles that must be added to the standard model to make the inclusive theory obey the four conditions (6, 7, 8, 12) when appropriate pseudomass terms are included.
